Abstract. We show that the length of the set fz 2 C : j n i=1 (z ? i )j = 1g
2
Theorem. Let 1 ; 2 ; : : : ; n 2 C . Then the length of E n := fz 2 C : j n i=1 (z ? i )j = 1g is at most 8 en ( 69n).
The proof relies on two classical theorems. One due to Cartan and one due to Poincar e.
Cartan's Lemma. ( 1; p174] ) If p(z) := Q n i=1 (z ? i ) then the inequality jp(z)j > 1 holds outside at most n circular discs, the sum of whose radii is at most 2e. Poincar e's Formula. 8, 9 ] Let ? be a recti able curve contained in S (the Rie- where dx is area measure on S.
We need the following corollary of this result.
Corollary. Suppose ? is an algebraic curve in R 2 of degree at most N and D is a disc of radius R. Then the length of ? \ D is at most 2 RN.
Proof. By an a ne scaling it su ces to prove this for D a disc of radius 1 about the origin. Now any conic intersects ? in at most 2N points by Bezout's theorem. It follows that the projection of ? in the Riemann sphere is intersected by any great circle in S in at most 2N points. Thus the length of the projection of ? in S is at most 2 N by Poincar e formula. Since the projection back to the unit disc doesn't increase arclength the result is proved.
We can now prove the theorem.
Proof of Theorem. Observe that E n is an algebraic curve in R 2 of degree at most 2n in x and y where z = x + iy. So by the Corollary each disc D i contains a portion of E n of length at most 4 r i n. On summing over i we deduce that the length of E n is at most 8 en.
The constant 2 in the Corollary can be removed with some e ort, so a sharpening to 4 en is possible. The constant e in Cartan's Lemma is probably unnecessary, but this is open. Even with these improvements we would only get a bound of 4 n which still isn't sharp. Indeed it seems likely that this type of method is too blunt to yield an exact result.
There are a number of interesting related results. See for example Pommerenke 4, 5, 6, 7] . In Pommerenke 6] it is shown that if the roots in the Theorem are all real then the length is at most 4 .
In Pommerenke 5] it is shown that if the set E n is connected then the length is at least 2 , with equality only for z n . When E n is connected one can nd a disc of radius 2 that contains it 5]. So in this case the length of E n is at most 4 n.
